Topic Z3 Differential equations (Pre-TT A) [51] MARKSCHEME

Questio Scheme Marks | AOs

n
5(a) dv dv S5v
t+4)—+5v=10(t+4)=> —+ =
( )dt (¢+4) dr  (t+4) Ml L.1b
S
F=e' 1" =(1+4) = v(t+4) = [10(r+4)dr Ml | 3.1b
v(t+4)5=§(t+4)6+c Al | Llb
t:O,v=0:>c=—@ M1 34
t=3:>v=§><7—204850 M1 34
3 3x7

v=113(ms") Al | Llb

()
(b) For large values of 7, the velocity increases Bl 1.1b

@

(©) E.g.
e The raindrop may hit an obstacle as it falls
e The raindrop is unlikely to be at rest initially B1 3.5b
e The raindrop may be affected by the wind as it falls
e The raindrop will eventually hit the ground
(L))
(8 marks)

Notes

(a)

M1: Divides through by (¢ + 4)

M1: Uses the model to find the integrating factor and attempts the solution of the differential
equation

Al: Correct solution

M1: Interprets the initial conditions to find the constant of integration

M1: Uses their solution to the problem to find the velocity after 3 seconds

Al: Correct value

(b)

B1: Makes a sensible comment regarding the motion of the raindrop e.g. as ¢ increases so does v
(c)

B1: States a limitation of the model — see scheme for examples




2
@ r=10£—2f:>%=10u—2£ M1l | 21

dt d* dt
10‘:;{—2%=—0.2f+0.4(10%—2f) M1 21
‘::T{"o'éi_fﬁo'lf _0* Al* | 11b
3
Y| —06me01202m=06% uo.g’ —4x0.1 M1 | 34
m=03+0.1 Al 1.1b
f =e*(Acos ft+ Bsin ft) M1 34
f=¢e""(A4cos0.1¢+ Bsin0.1¢) Al | 1.1b
@
©) %=0.3e°3‘(AcosO.lt+Bsin0.lt)+0.1e°3' (Bcos0.1t— Asin0.1¢) M1 | 34
r=10%—2f M1 34
=e"¥((34+ B)cos0.1t+(3B— 4)sin0.1f) - 2¢** ( A cos0.1t + Bsin0.1r)
r=e"((4+B)cos0.1t +(B~4)sin0.1¢) Al | 1.1b
3
AP | t=0.f=6=4=6 M1 | 3.1b
t=0.r=20=>B=14 M1 33
r=e""(20cos0.1t +8sin0.1r)=0 M1 | 3.1b
tan0.1f=-25 Al 1.1b
2019 Al 32a
d)) | 3750 foxes Bl | 34
d)(iii) |eg the model-predicts a large numbq of foxes are on ﬂ.le island Bl 352
when the rabbits have died out and this may not be sensible
Q)

(17 marks)




8(a)(i) Container contains 3+0.25t -0.125t = 3 + 0.125t litres after t minutes B1 33
(ii) m
Rate of contaminant out =0.125x ————— mg per minute M1 33
3+0.125¢
Rate of contaminant in = 0.25 x (5-e %) mg per minute B1 2.2a
0l
dm_S-—e = m , Al* | 1.1b
dt 4 24+t
(4)
b 0l
(b) Rearranges to form %+ m__ >-¢ and attempts integrating
dt 24+t 4 M1 | 3.1a
factor (may be by recognition).
JL dt 244
LF.=| e " =e =24+t Al 1.1b
1 1
(24+1H)m= Zj(24+t)(5 —e ") dt = Zj120+5t—24e_0‘1’ —te*"dt=..| M1 | 3.1a
1 562 24e
=—| 120t + —— +... Al 1.1b
4 2 -0.1
—0.1z —0.1¢ —0.1¢ —0.1z
J'te"“’ dt=15 —J'lx dt=t=— % M1 | 1.1b
-0.1 —-0.1 —-0.1 (_0,1) Al 1.1b
5 2 —0.1¢ 5 —0.1¢
So 24+t)m = gt + 30z +85¢ +5te +c
When t =0, m = 0 as initially no contaminant in the container, so M1 34
0=0+0+85+0+c=c=-85 '
— 1 5 2 —0.1¢ 5 =0.1¢
m= —1t"+30r+85¢ " +—te 85 Al 2.2b
24+1\ 8 2
(8)
(c) When ¢t =30 m = 25.65677... and V' = 6.75, hence the concentration is 3.80 M1 34
mg per litre. '
This resembles the measured value very closely and could easily be
explained by minor inaccuracies in measurements, so the model seems to be Al 3.5a
suitable over this timeframe.
(2)

(14 marks)




@O | Weight = massxg = m =222 _3000
4 M1 33
But mass is in thousands of kg, som =3
ii 2
@& ocost20sint, 94X _ _40sint+20cost Ml | Llb
dt dt
3(—40sint+20cost)+4(40cost+20sinr)
) M1 1.1b
+40sint—20cosf= ...
=200cost so PIis x=40sin7-20cos Al* 21
or
Let x=acost+bsint
2
E=—asint+bcost, d—;[=—acost—bsint i 220
dt dt
4b—-2a=200,-2b—-4a=0=>a=...b=._. M1 21
x=40smnt—-20cost Al* 1.1b
(itr) 3/12+4,1+1=o=>z.=-1,-% M1 | LIb
x=Ae" +Be ™ Al 1.1b
x=PI+CF M1 1.1b
x=Ae™ + Be ¥ +40sint—20cost Al 1.1b
(8)
(b) t=0.x=0=>4+B=20 M1 34
x= 0,%= —Ade™* -%Be’*‘ +40cost+20sinf=0
1 M1 34
= A+§B=40
x=50e —30e " +40sinf—20cos? Al | LIb
t=9=>x=33m Al 34
4)

(12 marks)




