Integration by Parts

Starter
4

1
1. Using a suitable substitution express J' ———dx in the form
13- \/;
a + b1n 2 where a and b are integers.

1
Working: letyu =3 —1/x=3—-x2 => —=-—

Table of changed values:

Whenx=4,u=3—\/z=1
Whenx=1,u=3—\/T=2
X u
4 1
1 2
1
S P _2x2 _
———dx = du replace 1 + e*, dx and limits
; (1+e%)? )y u
(< 2(3 — u) 5 1
=| ——du*** sincex2? =3 —u
, u
"D 6
= (— — 2> du transform before integrating
) u
_] 2
= |6lnu — 2u] integrate with respect to u

— (6102 -2x2) - (61n1—2x 1) substitute
=—2+4+6In2

N.B. ***Change the limits around, change the sign of the integral.

2. Differentiate: (@) xsinx (b) 3xe™,
d(x sin x) ,
Working: (a) ———— =SInX +XxXCOSX
dx
d@3 Sx
(b) % = 3¢ + 15xe>* = 3e>*(1 + 5x)
X

E.g. 1 Find [15xe5xdx by using the same method, including the answer from the starter.

d@3 S5x
Working: JleeSxdx = [ (% — 3e5x)dx
X

= 3xe> — |3edx

3
=3xeXX— e 4 ¢
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E.g. 2 Find Jxexdx.

Working: Choice 1: let u=c¢e" = u = e*
let Vv =x = y =
Using Juv’ =uv — Ju’v:
1,
xer*dx = xe* — Ex e*dx

The function to be integrated has become more complicated so this must be
the wrong choice.

Choice 2: Let u==x =
Let VvV =¢* =

Using Juv’ =uy— Ju’v:

Jxexdx = xe* — Iexdx =xe*—e*+c¢

1

u' =
v=e

How do we decide which function is u and which is v'?
v'is usually the more complicated function but we need to be able to integrate V'.

E.g. 3 Find: (a) Jx sin xd x (b) Jx(l + x)dx (c) Jln xdx
Working: (a) let u=x => u' =1
let V =sinx = V= —COSX
Using Juv/ =uy— Ju’v:
Jx sinxdx = —xcosx + Jcosxdx =sinxX —XxXCosSx +c
(b) let u=x = u' =1
1
let vV=>0+x' = v= g(l + x)8

Using Juv/ =uv — Ju’v:
[x(l +x)dx = x X %(1 +x)% — Jé(l + x)%dx
= (140 ——(1+2)° +c
8 72
= 5(1 +x)8(9x —(1+x) +¢

— (R — 8
= 72(8)6 Dx+1)°+c¢
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E.g. 4 Find: (a) J

N.B. This is the exception when v’ is not the more complicated

function.
Let u=Inx = u =—
X
Let Vv =1 = Vv =x

Using Juv’ =uy— Ju’v:

1
Jlnxdx =lnx><x—[—><xdx

X

=xlnx—|1dx

=xlnx—-x+c¢

N.B. SovV' #Inx.

Xlnxdx (o) J

1 —

Let u=Inx => u =
let Vv =x = y =

Using Juv/ =uy— Ju’v:

2 5 x© 2 21 x®
x’Inxdx = |lInxxXx—| — | —XxX—dx
] | 6 X
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X > u =
3
2(x — 1)2
Let Vv =4yx-1 => v=—(x )

3
Using Juv’ =uy— Ju’v:

2 342 2 3
2x —1)2 2(x —1)2
X x—ldx: X X —— - 1X—dx
1

(b) Let u =

1 3 1 3
3 542
_[2xx—=1D2 Ax—1)2
i 3 15 ],
3 5
2xX22-12 42 -1)2
_(2x20-DF _de-bEY o
3 15
B 4 4
~\3 15
1
15
(c) Let u =2x = u' =2
Let Vv =1-sinx => VvV =X+CosSx

Using Juv’ =uy— Ju’v:

2 [ % 5
[ 2x(1 —sinx)dx = 2x(x+cosx)] —Jz 2(x + cos x)d x

Z
2

_r
2

[S1EY

= |2x% + 2x cos x — x2

— sin x]

w2 1 /1 4 /4 2 T 1 . 1
=|—- +2X—=-cos——-simn— |- | |—-—=) +2X|—=|cos| —= ] —sin| ——
2 2 2 2 2 2 2 2
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