Parametric Equations

Starter |
1. Decide whether the curve y = x> —— hasa point of inflexion.
X
. , 1 2 _ -1
Working: y=X"——=X"—X
X
d
&y =2x +x72
a9
LA Y
dx?
. d?y _3
A possible Pol occurs when —— = 0: 2-2x7"=0
5 d x?
2= — = =1 => x = 1is a possible Pol
X
Now find the gradient jhange either side of the possible Pol.
Whenx =09, 2 =2x09+— >0
dx 0.92
dy
Whenx = 1.1, — =2X11+——>0
dx 1.12
Since the gradient is the same sign, x = 1 is a point of inflexion
2.
1, 3, 21, - .
If f(x) = Ex + Zx — —x~ — 6x + 20, identify the range of values of x for which the
graph of y = f(x) is concave and convex. Express your answers in set notation.
] » I, 9, 21
Working:  f'(x) = Zx + Zx ——x-6
100 3, N 9 21
X)=—Xx"+—x ——
4 2 4 o1
A curve is convex when f”(x) > O: sz + Ex e >0

Multiply by 4, divide by 3: x%+6x —7 > 0
Solvingx>+6x—-7=0 @+7Nx—-1=0

x=—-—T7Tandx =1

The curve x> + 6x — 7 = 0 is concave-up

>0 => above the x—axis

The curve is convex when{x : x < =7} U {x :x > 1}.

It follows that the curve is concave when {x : x > — 7} Nn{x:x < 1}.
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3. Find an expression involving y and x but no # given that:
6
(a) x =3tandy = —
t
(b) x = 4¢* and y =8t

_ x 6 6 18
Working: (a) Substitute ¢ = 5 intoy = 7: y = =

2
(b) Substitute 1 = % intox = 417 X = 4(%) = y2=16x

E.g. 1 Express x = 3cost, y = 4sintin cartesian form.

Working: cos’t +sin’t = 1
2 2
SO z + ) 1
3 4
2 2
x_ + y_ =1
9 16

16x% + 9y? = 144

E.g. 2 Sketch the graph givenby x = cosfandy = sinf + 1.

) 0 2 n 3n/2 2n
X 1 0 —1 0 1
y 1 2 1 0 1

Working: Circle, centre (0, 1) and radius 1

X=co0s6
y=sin6+1

o
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E.g. 3 Transform these parametric curves into cartesian form:

@ 5 4
a X =—, o —

2—t Y 271‘ .
(b) x =cost, y=4sin2tsint

5
Working: (a) Fromx = ——,2—t = —
-1 X

Similarly 2 — t = —
y
Equating gives —=— => Sy = 4x
Xy
(b) y=4sin2¢sint
=4 Xx2sintcost Xsint since sin 2t = 2sint cost
= 8cost sin’t
= 8cos (1l — cos?1) since sin’t + cos’t = 1
y = 8x(1 —x?) since x = cost

E.g. 4 The curve C is defined by the parametric equations x = 2¢> — 7t y=10- 1.
(a) Find the value of a if (a, 1) is a point on the curve and a > 1.
(b) Decide whether (—6, 4) lies on curve C.

Working: (a) Substitute y = lintoy = 10 — ¢2: 1=10—¢?
Ltr==x3
Whent =3,x=2x3*-7x3<1
Whent = —3,x =2X(=3)>=7%x(=3)=39> 1
Soa =39

(b)  Substitute x = — 6intox = 2¢% — 7¢: —6=2t>-"Tt
Solving 2t> — 7t +6=0: (2t —3)(t—2)=0
whenx =—6,t =1.50r2
Substitute t = 1.5intoy = 10 — t> givesy = 7.75 # 4
Substitute t = 2intoy = 10 — t2> givesy = 6 # 4
So the point (—6, 4) does not lie on the curve C
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