Scalar product and angles

Starter
_ _ _ x+2 z—1
1. Find the position vector of the point of intersection of =y = > and
X + 1
oyl
2 2
2. Find the magnitude (modulus) of the following vectors:
(a) <_56> b) S5i—-3j+k
Notes

The scalar product of two vectors a and b is defined as:
a.b = |a||b|cos @ where O is the angle between the vectors

v

Notice that the vectors must be pointed b b
away from where they would intersect. 0
R

a 0 a

N.B. The result of the scalar product of two vectors is a scalar i.e. a number.

Finding the scalar product of two vectors when we do not know the angle between them

E.g. 1 (a) Using the definition of the scalar product, a.b = |a| | b | cos 0, write down the
values of: (i) i.i (ii) i.j

(b) Hence write down the values of:

(i) J-J (ii) k.k (iii) i.k (iv), j.k
1 4
(c) Find the value of { 2 51
3 6
uy Vi

Component form of scalar product: w.v = Uz | .| V2| = uyv; + uyv, + sy
u 1%
3 3

E.g. 2 Find the scalar products of the following pairs of vectors:

() <2>'(130> b)  (Gi+5j).Si—S5j)

Working: (a) <2> . (13()) =3X4+6x%x10=72

v
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Vi
E.g. 3 Given thatv = | V2 |, find the value of V. v in terms of v?

V3
Vi Vi
. i vl =202 0.2
Working: v.v=IWVl. V2| =vi+Vvy+V3
Vi) \V3
But |[v]| = v12+vzz+v32

Sov.v= |V|2

Calculating the angle between two vectors

E.g. 4 Using the scalar product find the angle between the two vectors (;) and < 6 >

)
Working: <5>< 6 ) = 5%6+7X(=2) =16

7 -2
(;) =52+ 72 = /74 and ( 62> = /6 +(=2)% = 2/10
a.b 16
Using cos 0 = cosf =

jallb] V74 x /10

The angle between the vectors is 72.9°.

a.b

The angle between two vectors can be found using the scalar product:  cosf = W
a

E.g. 5 For each of the following pairs of vectors find the angle between them:

.. . . ) -5
(a) 3i — j and 51 — 2j (b) < g ) and (_9>

E.g. 6 What can be said about the angle between the two non-zero vectors a and b if:

(a) a.b=0 (b) a.b>0 (b) a.b<0
Working: (a) a and b are non-zero vectors => |a| #0and |b| #0
Soifa.b=0 => cosfd =0 = 6 =90°

Therefore, the vectors a and b are perpendicular to one another.
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Angle between two lines given in vector form

E.g. 7 Find the acute angle between the linesr = <2> + A <1> andr = ( 7 > +u <_3

3 2 -2 5

Working: Since each line is parallel to its direction vector, we can find the angle
between the lines by finding the angle between the direction vectors.

1 -3\ _ _ _
<2>.<5)_1x( 3)+2x5=7

(|-

-5
<_9> =1/(=3)>+52=1/34
a.b

. 7
Usingcosd = ————:  cosf =

lallb] V5 x\/3

The angle between the lines is 57.5°.

To find the angle between two lines in vector form, find the angle between the direction
vectors.

E.g. 8 Find the angles between the following pairs of lines:
(a) r=2i+3j—k+AQ2i—j—2k) and r=i-2j+k+ u(7i+4j—4k)

b) r=Q+6Di+(—=30)j+21k and r=2+4ui+7j+G+3uk

)

Scalar product EQ

Exercise
p54 2D Qu 1i, 2i, 3i, 4a, 5i, 6i, 7-11

Summary
Definition of scalar product: a.b = |a||b|cos@

U Vi
Component form of scalar product: w.v = [Ux| .| V2| = uyvy + uyvy + uzvy

us) \Vs

_ a.b
The angle between two vectors can be found using the scalar product: cos@ = W
a

fa.b=0 = the vectors a and b are perpendicular to one another.

fa.b>0 = the angle between the vectors is acute.

fa.b<0 = the angle between the vectors is obtuse.

To find the angle between two lines in vector form, find the angle between the direction vectors.
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